String Matching

Finding all occurrences of a pattern in
the text.



Applications

e Spell Checkers.

* Search Engines.

* Spam Filters.

* Intrusion Detection System.

* Plagiarism Detection.

* Bioinformatics — DNA Sequencing.
* Digital Forensics.

* Information Retrieval, etc.



String Matching Problem

Let,
Text T'[1..n] 1s an array of length n.
Pattern P [1..m] 1s an array of lengt]

N m < n.

P and T are drawn from a finite alp]
—Y=1{0,1} orZ={a,b, ...z}
Example:

—T=abcabaabcabac
—P=abaa

nabet X.



Contd...; [ wTeTalolala]b]c alb]a]e
sh1ft—0x P al|blala
shi P a|/blala
shi P a|blala
shi P a|/blala

P a|/blal|a
sh1ft=5x P albla]a
shift=6x P a|blala
shift=7x P a|blala
shift=8x P a|blala
shift=9x P a|/blal|a




Contd...

text T alb|lclalblala|lb|lcl|la|lb|a]|c

S=3
pattern P = a|bla|a

o Shift s a valid shift, if P occurs with shift s in 7.
—0<s<n-mandT[s+1.s+m]|=P[l..m].
* Otherwise, shift s 1s an invalid shift.

* String-matching problem means finding all valid
shifts with which a given pattern P occurs 1n a given
text 1.



Naive String Matching Algorithm

NAIVE-STRING-MATCHER(T,P)

1. n=T.length

. m= P.length

fors=0ton—m
ifP[l.m|=T|s+1.s+m]

print “Pattern occurs with shift” s

LR LN

* Complexity: O((n—m + 1)m)



NAIVE-STRING-MATCHER (7. P)

Exam ple n = T.length

I

2 m = P.length

3 fors =0ton—m

if P[1..m|==T[s+1..5 + m]
print ~“Pattern occurs with shift” s

* Text T'= acaabc, and pattern P = aab.
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Rabin-Karp Algorithm

* Uses elementary number-theoretic notions.
—Equivalence of two numbers modulo a third
number.
e Let,X2=1{0,1,2,3,4,5,6,7, 8, 9}.
* String of k£ consecutive characters represents a
length-£ decimal number.
—Thus, character string 31415 corresponds to the
decimal number 31,415.

* Note:
—In the general case, each character 1s a digit in

radix-d notation, where d = X|.)



Example

P 311141115 mod 13 =7

' (2135|9023 |1(4|1|5]2|6[7]3]9]|9|2]1

i 3 4 7 8 9 10 11 12 13 14 15 16 17 18 19
23 (3590 |2 ENEEEERtEE S 2 EERESETE 2 | ]

Y - 1~ | = ma
89

311110 |1 58884510118 9 11

valid spurious
match hit



A few calculations...

* For a pattern P [1..m], let p denote its corresponding
value 1n radix-d notation.

* Using Horner’s rule, p can be computed in time O(m).
p=Pm|+dPm—-1]+dP[m-2]+...+dP[2] +dP[1]) ...)).

* Similarly, for a text T [1..n], let ¢, denotes the radix-d
notation value of the length-m substring 7' [s + 1..s +
m], fors=0,1, ....n—m.

* Again, {, can be computed from 7'[1..m] in O(m).



Contd...

* Each of the remaining values ¢, ¢,, ..., f, _, can be
computed 1n constant time.

— Subtracting d” ~'T [s + 1] removes the high-order digit
from ¢, multiplying the result by d shifts the number left
by one digit position, and adding 7' [s + m + 1] brings in
the appropriate low-order digit.

t=d@,—d" T[s+ 1)+ T[s+m+1].
* Leth=d"" !, then
t=d@,—hT[s+1])+T[s+m+1].
* Modulus:
— p modulo g takes O(m) time.
— For all 7, £, modulo g takes O(n —m + 1) time.



Algorithm

RABIN-KARP-MATCHER (T, P, d, q)

Il n = T.length

2 m = P.length

3 h=d™ "' modg

4 p=20

5 fﬂ, =0

6 fori = ltom // preprocessing
7 p = (dp + Pli]) mod ¢

8 to = (dty + T'|i]) mod ¢

O fors =0ton—m // matching

10 if p==1,

[1 if P[1..m|==T[s+1..5+ m]

12 print “Pattern occurs with shift™ s

13 ifs <n—m
tso1 = (d(ts —T|s+ 1lh) + T|s + m + 1]) mod ¢

=



Example —1

Index 11213 |4a|ls5|6|7|8|9|10|1112]13]|14]|15]16]17

Text(T)[2131519(0(2(3(1(4[1[5[2]6|7|3|9]|9

Pattern: 31415

>=10,1,...,90 d=[¥=10 q=13

* n=19,m=5n—m=14.

* h =10°'mod 13 =10*mod 13 =3.

p =(3x10*+1x103+4x10°+1x10'+5x%x10% mod 13=7.
ty2=(2 % 10*+3 x 103+ 5% 10>+ 9 x 10" + 0 x 10° mod 13 = 8.

Step 1: s=0,t,=8,p=7.
p==t, — No.
s<14 — Yes.
t, o =d@,—hT[s+ 1))+ T[s+m+ 1] (mod 13)
t, =108 —-3(2)) +2 (mod 13)
t, =10(2) +2 (mod 13) =22 (mod 13) =09.



Contd...

Index 11213 |4a|ls5|6|7|8|9|10|1112]13]|14]|15]16]17

Text(T)|2131519(0(2(3(1(4[1[5[2]6|7|3|9]|9

Pattern: 31415

>=10,1,...,90 d=[¥=10 q=13

* n=19,m=5n—m=14.

* h =10°'mod 13 =10*mod 13 =3.

p =(3x10*+1x103+4x10°+1x10'+5x%x10% mod 13=7.
ty2=(2 % 10*+3 x 103+ 5% 10>+ 9 x 10" + 0 x 10° mod 13 = 8.

Step 2: s=1,t,=9,p="7.
p==t, — No.
s<14 — Yes.
t, o =d@,—hT[s+ 1))+ T[s+m+ 1] (mod 13)
t, =10(9-3(3)) +3 (mod 13)
t, =10 (0)+ 3 (mod 13) =3 (mod 13) =3.



Contd...

Index 112134l s5]|6|7|8|9|10|11|12(13|14|15]|16]127]|18] 19

Text(T)|2(315(9(0(2(3|1(4[1(5|2(6|7|3(9(9(2]|1
Pattern: 31415
>=1{0,1,...,9} d=Z[=10 q=13
* n=19ym=5n-m=14.

* h =10>'mod13 =10*mod 13 =3.

p =B x10*+1x103+4x102+1x10'+5x%x10% mod 13 =7.
ty2=(2 % 10*+3 x 103+ 5% 10>+ 9 x 10" + 0 x 10° mod 13 = 8.

Step 3: s=2,t,=3,p="7.
p==1t, — No.
s<14 — Yes.
t, o =d@,—hT[s+ 1))+ T[s+m+ 1] (mod 13)
t, =103-3(5)+ 1 (mod 13) =10(-12)+ 1 (mod 13)
Because -12mod13=1 t; =10 (1) + 1 (mod 13) =11 (mod 13) =11.



Contd...

Index 112134l s5]|6|7|8|9|10|11|12(13|14|15]|16]127]|18] 19

Text(T)|2(3(|5(9]0(2(3|1(4|1(5|2|(6|7|3(9(9(2]|1
Pattern: 31415
>=1{0,1,...,9} d=Z[=10 q=13
* n=19ym=5,n—-m=14.

* h =10>'mod 13 =10*mod 13 =3.

p =B x10*+1x103+4x10>2+1x10'+5x%x 10% mod 13 =7.
ty2=(2 % 10*+3 x 103+ 5% 10>+ 9 x 10" + 0 x 10° mod 13 = 8.

Step 4: s=3,=11,p=7.
p==t, — No.
s<14 — Yes.
t..,=d(t,—hT[s+1])+ T[s+m+ 1] (mod 13)
t, =10 (11 -3 (9)) + 4 (mod 13) =10 (-16) + 4 (mod 13)
Because -16 mod 13 = 10 t4 =10 (10) + 4 (mod 13) =104 (mod 13) = 0.



Contd...

Index 11213 |4a|ls5|6|7|8|9|10|1112]13]|14]|15]16]17

Text(T) |23 [5(9(0(2|3|1[4]|1|5|2{6[7|3]|9]|9

Pattern: 31415

>=10,1,...,90 d=[¥=10 q=13

* n=19,m=5n—m=14.

* h =100'mod 13 =10*mod 13 =3.

p =(3x10*+1x103+4x102+1x10'+5%10% mod 13 =7.
ty2=(2 % 10*+3 x 103+ 5% 10>+ 9 x 10" + 0 x 10° mod 13 = 8.

Step 5: s=4,t,=0,p=7.
p=—=t, — No.
s<14 — Yes.
t, o =d@,—hT[s+ 1)+ T[s+m+ 1] (mod 13)
t. =10(0-3(0)) + 1 (mod 13)
t: =1 (mod 13) = 1.



Contd...

Index 112134l s5]|6|7|8|9|10|11|12(13|14|15]|16]127]|18] 19

Text(T) 2359|023 |1({4]|1(5|2(6|7|3(9(9(2]|1
Pattern: 31415
>=1{0,1,...,9} d=Z[=10 q=13
* n=19ym=5,n—-m=14.

* h =10>'mod 13 =10*mod 13 =3.

p =B x10*+1x103+4x10>2+1x10'+5x%x 10% mod 13 =7.
ty2=(2 % 10*+3 x 103+ 5% 10>+ 9 x 10" + 0 x 10° mod 13 = 8.

Step 6: s=5,t=1,p=7.
p==t. — No.
s<14 — Yes.
t..,=d(t,—hT[s+1])+ T[s+m+ 1] (mod 13)
t, =10(1-3(2))+5(mod 13) =10 (-5)+ 5 (mod 13)
Because -5 mod 13 =8 t6 =10 (8) +5 (mOd 13) = 85 (mOd 13) =.



Contd...

Index 112134l s5]|6|7|8|9|10|11|12(13|14|15]|16]127]|18] 19

Text (T)[2({3(5]9(0|213(114[1|5(2|6[|7|3]9|9|2]|1
Pattern: 31415
>=10,1,...,9} d=|X|=10 q=13

n=19, m=5n-—m= 14.
* h =10°"mod 13 =10*mod 13 =3.
p =B x10*+1x103+4x102+1x10'+5x%x10% mod 13 =7.
t,=2x10*+3x10°+5x102+9 x 101 + 0 x 10%) mod 13 = 8.
Step 7: s=6,t.=T,p=7.
p==t; — Yes.
Character by character matching p[1..5] == T[7..11].
{31415} ==1{31415}.Match, hence s =6 1s a valid shift.
s<14 — Yes.
t.,=d@,—hT[s+ 1)+ T[s+m+ 1] (mod 13)
t, =10(7-3(3)) + 2 (mod 13) =10 (-2) + 2 (mod 13)
Because -2mod 13=11" ¢ =10 (11)+2 (mod 13) =112 (mod 13) =8.



Contd...

Index 11213 |4a|ls5|6|7|8|9|10|1112]13]|14]|15]16]17

Text(T)|2(3[5(9(0(2|3[1[4|1]|5]2|6[7|3]|9]|9

Pattern: 31415

>=10,1,...,90 d=[¥=10 q=13

n=19, m=5n-—m= 14.

h =10>'mod13 =10*mod 13 =3.

p =(3x10*+1x103+4x10°+1x10'+5x%x10% mod 13=7.
ty2=(2 % 10*+3 x 103+ 5% 10>+ 9 x 10" + 0 x 10° mod 13 = 8.

Step 8: s=7,t,=8,p=17.
p==t, — No.
s<14 — Yes.
t, . =d@,—hT[s+1])+T[s+m+ 1] (mod 13)
te =10(8 -3 (1)) +6 (mod 13)
te =10 (5)+ 6 (mod 13) =56 (mod 13) =4.



Contd...

Index 112134l s5]|6|7|8|9|10|11|12(13|14|15]|16]127]|18] 19

Text(T) (2131519023 (1|4[1[5|2[6|7(3[9(9|2]1
Pattern: 31415
>=1{0,1,...,9} d=Z[=10 q=13
=19, m=5,n—m=14.

=10>'mod 13 =10*mod 13 =3.

n
h
p =B x10*+1x103+4x102+1x10'+5x%x10% mod 13 =7.
ty2=(2 % 10*+3 x 103+ 5% 10>+ 9 x 10" + 0 x 10° mod 13 = 8.

Step 9: s=8,tg=4,p=7.
p==t, — No.
s<14 — Yes.
t..,=d(t,—hT[s+1])+ T[s+m+ 1] (mod 13)
t, =10 (4—3 (4))+7 (mod 13) =10 (-8) + 7 (mod 13)
Because -8 mod 13 =5 t9 =10 (5) +7 (mOd 13) =357 (mOd 13) =3.



Contd...

Index

1

2 | 34|56 7(8]9]10

11

12113 (14| 15|16 17| 18

19

Text (T)

2

3(519(0123|1(4}]1

Pattern: 31415

>=10,1,...,90 d=[¥=10 q=13

n=19, m=5n-—m= 14.

h =10>'mod13 =10*mod 13 =3.

p =(3x10*+1x103+4x102+1x10'+5%10% mod 13 =7.
ty2=(2 % 10*+3 x103+5%x 10>+ 9 x 10" + 0 x 10° mod 13 = 8.

Step 10:

s=9t,=5,p="7.
s<14 — Yes.

t . =d(t,—hT[s+1])+ T[s +m+ 1] (mod 13)
t,, =10 (5—3 (1)) + 3 (mod 13)

t,o, =10 (2) + 3 (mod 13)

=23 (mod 13) =10.




Contd...

Index 112134l s5]|6|7|8|9|10|11|12(13|14|15]|16]127]|18] 19

Text(T)[2(3(5(9(0(2|3(1(4|1|5(2(6|7|3(9|9(2]1
Pattern: 31415
>=1{0,1,...,9} d=Z[=10 q=13
=19, m=5,n—m= 14.

=10>'mod 13 =10*mod 13 =3.

n
h
p =B x10*+1x103+4x10>2+1x10'+5x%x10% mod 13 =7.
ty2=(2 % 10*+3 x 103+ 5% 10>+ 9 x 10" + 0 x 10° mod 13 = 8.

Step 11: s=10,t,,=10,p=7.
p=1t,,— No.
s<14 — Yes.
t=d(t.—hT[s+1])+ T[s +m+ 1] (mod 13)
t, =10 (10 =3 (5))+9 (mod 13) =10 (-5)+ 9 (mod 13)
Because-5mod13=8 t,, =10 (8) +9 (mod 13) =89 (mod 13) =11.



Contd...

Index 11213 |4a|ls5|6|7|8|9|10|1112]13]|14]|15]16]17

Text(T)|213|5(19(0(2(3(1(4[1[5]2[6|7|3]|9]|9

Pattern: 31415

>=10,1,...,90 d=[¥=10 q=13

n=19, m=5n-—m= 14.

h =10>'mod13 =10*mod 13 =3.

p =(3x10*+1x103+4x102+1x10'+5%10% mod 13 =7.
ty2=(2 % 10*+3 x 103+ 5% 10>+ 9 x 10" + 0 x 10° mod 13 = 8.

Step 12: s=11,t,=11,p="7.
p ==t,; — No.
s<14 — Yes.
t, o =d@,—hT[s+ 1)+ T[s+m+ 1] (mod 13)
t,, =10(11 -3 (2)) + 9 (mod 13)
t,, =10(5)+9 (mod 13) =59 (mod 13) =7.



Contd...

Index 112134l s5]|6|7|8|9|10|11|12(13|14|15]|16]127]|18] 19

Text (T)[2 (35901231141 [|5(2|16[7]1319/19|2]|1
Pattern: 31415
>=10,1,...,9} d=|X|=10 q=13

n=19, m=5n—-m= 14.
* h =10>"mod 13 =10*mod 13 =3.
p =(3x10*+1x103+4x10°+1x101+5x%x10% mod 13 =7.
t,=2x10*+3x10°+5x102+9 x 101+ 0 x 10%) mod 13 = 8.
Step 13: s=12,t,=7,p=7.
p ==1t,, — Yes.
Character by character matching p[1..5] ==TJ[13..17].
{31415}==1{67399}. Mismatch occurs at first character.
s<14 — Yes.
t. o =d@,—hT[s+ 1)+ T[s+m+ 1] (mod 13)
ti; =10(7-3(6)) +2(mod 13) =10(-11)+2 (mod 13)
Because-11mod13=2 ¢ . =10(2)+ 2 (mod 13) =22 (mod 13) =09.



Contd...

Index 112134l s5]|6|7|8|9|10|11|12(13|14|15]|16]127]|18] 19

Text(T)[2(3(5(9(0(2|3(1(4|1|5]|2(6|7|3[9|9|2]|1
Pattern: 31415
>=1{0,1,...,9} d=Z[=10 q=13
=19, m=5,n—m=14.

=10>'mod 13 =10*mod 13 =3.

n
h
p =B x10*+1x103+4x102+1x10'+5x%x10% mod 13 =7.
ty2=(2 % 10*+3 x 103+ 5% 10>+ 9 x 10" + 0 x 10° mod 13 = 8.

Step 14: s=13,t3=9,p=7.
p=t,; — No.
s<14 — Yes.
t o =d(t.—hT[s+1])+ T [s+m~+ 1] (mod 13)
t, =10(9—-3(7)+1(mod 13) =10 (-12)+ 1 (mod 13)
Because-12mod13=1 t,, =10(1)+ 1 (mod 13) =11 (mod 13) =11.



Contd...

Index

1

2 | 3|4 )|5|6]|7]|38

12

13

14

15

16

17

18

19

Text (T)

2

3(5(9(012(3|1

Pattern: 31415

>=1{0,1,...,9)

d=|=/=10

q=13

=19, m=5,n—m= 14.

n

h =10>!mod 13

p =(3x104+1x103+4x102+1x10'+5x10% mod 13 =7.
tO

=10*mod 13

= 3.

=2 x10*+3x10°+5%x102+9 x 10"+ 0 x 10° mod 13 = 8.

Step 15:

Step 16:

s=14,t,=1l,p="7.
p ==t,, — No.
s<14 — No.

s=15.
Loop terminates.




Index 1 2 3 4 5 6 7 8
Example 2 Text(T){a | a | b|b|c|a|b]a
ASCII 97 | 97 | 98 | 98 | 99 | 97 | 98 | 97
* n=8,n;1=3,n—m=5. Pattern:cab
h =26""mod 3

p =(99 x26>+97 x26' +98 x 26%) mod 3 = 1.
ty=(97 x 26>+ 97 x 26! + 98 x 26") mod 3 = 2.

Step 1: s=0,t,=2,p=1.
p==t, — No.
s<5 — Yes.
t, . =d@,—hT[s+1])+T[s+m+ 1] (mod 3)
t, =26 (2-1(97)) +98 (mod 3)
t, =26 (2-1(1)) +2 (mod 3)
(because 97 mod 3 =1 and 98 mod 3 = 2)
=26 (1) + 2 (mod 3)
= 28 (mod 3) = 1.



Index 1 2 3 4 5 6 7 8
COntd"' Text(T)| a la|[b|[b|c|a|b]a
ASCII 97 | 97 | 98 | 98 | 99 | 97 | 98 | 97

Pattern:cab

Step 2: s=1,t,=1,p=1.
p ==1t, — Yes.
Character by character matching p[1..3] == T[2..4].
{cab} == {abb}. Mismatch occurs at first character.
s<5 — Yes.
t..,=d@,—hT[s+1])+T[s+m+ 1] (mod3)
t, =26 (1-1(97))+99 (mod 3)
t, =26 (1—-1(1))+ 0 (mod 3)
(because 97 mod 3 =1 and 99 mod 3 = 0)
=26 (0) (mod 3)
= 0.



Index 1 2 3 4 5 6 7 8
COntd"' Text(T)| a |a[b|blc|a|b]a
ASCII 97 | 97 | 98 | 98 | 99 | 97 | 98 | 97

Pattern:cab

Step 3: s=2,t,=0,p=1.
p==t, — No.
s<5 — Yes.
t,1=d@,—hT[s+ 1)+ T[s+m+1](mod3)
t; =26 (0—1(98)) +97 (mod 3)
t; =26 (0—1(2))+ 1 (mod 3)
(because 97 mod 3 =1 and 98 mod 3 = 2)
=26 (0—-2)+ 1 (mod 3)
=26(0+1)+1 (mod 3)
(because 3's complement of -2 = 1)
=26(1)+1(mod3) =27 (mod3) =0.



Contd...

Step 4:

Index 1

Text (T)| a

ASCII 97

97

98 | 98 | 99 | 97 | 98 | 97

Pattern:cab

s=3,t=0,p=1.
p =—=1t; — No.
s<5 — Yes.

t,1=d@,—hT[s+ 1)+ T[s+m+1](mod3)
t, =26 (0—1(98)) + 98 (mod 3)
t, =26 (0—1(2))+ 2 (mod 3)

(because 98 mod 3 = 2)

=26 (0-2)+ 2 (mod 3)
=26(0+1)+2 (mod 3)
(because 3's complement of -2 = 1)

=26 (1) + 2 (mod 3)

=28 (mod 3) =1.



Index 1 2 3 4 5 6 7 8
COntd"' Text(T)| a |a|b|blec|al|b]|a
ASCII 97 | 97 | 98 | 98 | 99 | 97 | 98 | 97

Pattern:cab

Step 3: s=4,t,=1,p=1.
p ==1t, — Yes.
Character by character matching p[1..3] == T[5..7].
{cab} == {cab}. Match, hence s =4 is a valid shift.
s<5 — Yes.
t..,=d@,—hT[s+1])+T[s+m+ 1] (mod3)
t: =26 (1 —-1(99))+ 97 (mod 3)
t: =26 (1—-1(0))+ 1 (mod 3)
(because 97 mod 3 =1 and 99 mod 3 = 0)
=26 (1-0)+ 1 (mod 3)
=26(1)+1(mod3) =27 (mod3) =0.



Index 1 2 3 4 5 6 7 8
COntd"' Text(T)| a|a|b|b|c|lal|b]a
ASCII 97 | 97 | 98 | 98 | 99 | 97 | 98 | 97
Pattern:cab
Step 6: s=5,t:=0,p=1.
p ==t; — No.
s<5 — No.
Step 7: s = 0.
Loop terminates.
Text (T) b a

—

S

0




Complexity

* Takes ©(m) preprocessing time.
* Worst-case running time is O(m (n—m + 1)).

—Example: P=amand T =a", each of the [n—m +
1] possible shifts is valid.

* |n many applications, there are a few valid shifts
(say some constant c). In such applications, the
expected matching time is only O(n—m + 1) + cm),
plus the time required to process spurious hits.



Contd...

* Probabilistic analysis

— The probability of a false positive hit for a random
input is 1/q.

— The expected number of false positive hits is O(n/q).

— The expected run time is O(n) + O(m(v + n/q))), if vis
the number of valid shifts.

* Choosing g 2 m and having only a constant number of
hits, then the expected matching time is O(n + m).

e Since m < n, this expected matching time is O(n).



Knuth-Morris-Pratt Algorithm

* Based on the concept of prefix function for a
pattern.

—Encapsulates knowledge about how the pattern
matches against shifts of itself.

—This information can be used to avoid testing of
invalid shifts.

e T: bacbababaabcbab
e P: ababaca




i) - albla

=

blal|lcl|b al'lbla
s =5+2

]



* (Given that pattern characters P [1..q] match text
characters T [s + 1..s + q], what 1s the least shift
s' > s such that for some k <q,
P[l.k]=T[s'+ 1..s' + k], where s' + k=5 + q?
1.e.s'=s+(q—k)
* Best case k =0. Skips (q — 1) shifts.



CO ntd ces Note: P, = P[1..k]. Similarly, P, = P[1..q].

* In other words, knowing that P_ 1s a suttix of T, ., find the

S+ q°
longest proper pretix Py of P that is also a suftix of T, .

bla|lc|blalblalblal|lalb|le|lb|la|b| I

%

= a|blalbla|lcl|la| F

- q -

* Since suffix P, of T, , should also be suffix ot P . Thus, an
equivalent statement 1s “determine the greatest k < g, such

that P, 1s a suffix of P ”". alblalb]al P,

albjla| P




Prefix Function

e P: ababaca

W
-
-
)

* P,=P[l..q]
* P, ={a}. P, ={}. No matching prefix and suffix of P;.
* P,={ab}. P, ={}. No matching prefix and suffix of P..

* P;={aba}. P ={a}. P,={abab}. P ={ab}.
Prefix | Suffix | k Prefix |Suffix |k
a a 1 a b 1
ab b a 2 ab ab 2
aba |bab |3




Contd... ql1]2]3]4]5]6|7

 P: ababaca K]0J0]1]2 o1l
* P,=P[1..q]

« P.={ababa}.P ={abal. * P,={ababaca}. P, =1{a}.

Keep the longest. Prefix Suffix k

Prefix |Suffix |k 3 a 1

a a 1 ab Ca 2

ab b a 2 aba aca 3

aba Jaba |3 abab baca 4

abab |baba |4 ababa |abaca |5

ababac|babaca |6

* P.={ababac} P, ={}. Nomatching prefix and suffix of P, as 'c’
does not appear in any of the proper prefix.



Prefix Function

qg— & |Y |23 &\ 3|6
Pli] |la|bla|b|a|c|a
k—oxli] (0|01 [2|3]0]1

* (G1ven a pattern P [1..m], the prefix function for the
pattern P 1s the function I1 : {1, 2, ..., m} — {0, 1,
..., m— 1} such that

IT[q] = max {k : k <qand P, 1s a proper suttix of P.

* It contains the length of the longest prefix of P that

i1s a proper suttix of P_.



Contd...

COMPUTE-PREFIX-FUNCTION(P)

1 m = P.length
2 let m[1..m] be anew array
3

2l = 0
4 k=0
5 forg = 2tom
6 while £k > Oand Pk + 1] # Plq]
¥, k = k]
8 if Plk + 1] == P|qg]
9 k =k +1
10 gl = k

11 return o



KMP Algorithm

KMP-MATCHER(T. P)

I n = T.length

2 m = P.length

3 m = COMPUTE-PREFIX-FUNCTION(F)

4 g=0 // number of characters matched
5 fori =1ton // scan the text from left to right
6 while ¢ > Oand Plg + 1] # T|i]

7 qg = m|q] // next character does not match
8 if Plg+ 1] ==T1|i]

9 g =q + 1 // next character matches
10 if g ==m // is all of P matched?
11 print ““Pattern occurs with shift”™ i — m

12 g = m|q] // look for the next match



Complexity

* The COMPUTE-PREFIXFUNCTION runs in ©(m) time as the while
loop in lines 6—7 executes at most m — 1 times altogether.

1. Line 4 starts k at 0, and the only way to increase k is the increment
operation in line 9, which executes at most once per iteration of the
for loop of lines 5-10. Thus, the total increase in k is at most m — 1.

2. Second, since k < g upon entering the for loop and each iteration of
the loop increments q and k < g always. Assignments in lines 3 and 10
ensure that M[g] < gforallg=1, 2, ..., m, which means that each
iteration of the while loop decreases k.

3. Third, k never becomes negative.

— Altogether, the total decrease in k from the while loop is bounded
from above by the total increase in k over all iterations of the for loop,
which is m—1.

e Using similar analysis, the matching time of KMP-MATCHER is
©(n).



Example (Preprocessing)

* m=7,M[1]=0,k=0.
Step 1: g=2,k=0

]

Pli]

d

o
ﬂJI
o| &

7 [i]

0

=
[am—
[

Plk + 1] == P[q]

k++ =1

(if) P[1] ==P[2]. Mismatch.
M[2] =0.
Step2: q=3,k=0. Plk + 1] == P[q]
(if) P[1] == P[3]. Match.
M[3] =1.

Step 3: qg=4, k=1.

(if) P[2] == P[4]. Match.

M[4] = 2.

Plk +1] == P[q]

k++ =2




Contd...

Step 4.
(if)

Step 5:

(while) P[4] == P[6].
(while) P[2] == P[6].
P[1] == P[6].

(if)

Step 6:
(if)

Step 7:

g=5k=2

P[3] == P[5].

Mn[5] = 3.
qg=6, k=3.

r[e] = 0.
g=7,k=0.

P[1] == P[7].

Nn[7] = 1.

! 2| 3| &5
Plil] |la|b|a|b|a
xli] (0|01 [2](3
Plk + 1] == P[q]
Match. k++ =3

Plk +1] == P[q]
Mismatch. k=M[k] =1
Mismatch. k="M[k] =0
Mismatch.

P[k + 1] == P[q]
Match. k++ =1

g=8 Loop terminates.




n=15

o
O | —
0| b2

Contd...
m=7/

3% i I o il -

(Matching) 2[i] 100

e J: |bla|c|b|la|lb|a|b|a|b|a|c]|a

* P: |lalblalblalc]|a
Step 1: i=1,g=0 Plg + 1] ==T[i]
(if) P[1] ==T[1]. Mismatch.

bla|c|b|la|b|la|lb|a|b|a|c]|a

X




_ ] 2 4
Contd... n—_15 Pli] |a|b|al|b
m="7/ :
x[i] 0|0 2
Step 2: 1=2,9=0 Plg + 1] == TIi]
(if) P[1] ==T[2]. Match. g++=1
bla|c|b|a|b]a alblalc|alal|b
albla|b|la]|c




3% i I o il -

— E (1| 2
Contd... 4 __15 Pli] |a|b
m="7/ :
x[i] 0|0
Step 3: 1=3,9=1 Plg + 1] == T[i]
(while) P[2] ==T]I[3]. Mismatch.
q=MN[q]=0

bz_:\cbabababaca

(if) P[1] ==T[3]. Mismatch.

bla|c|b|la|b|la|lb|la|b|a|c]|a




_ ] 2 4
COntd... 4 __15 P[f] alb b
m="7/ :
x[i] 0|0 2
Step 4: 1=4,9=0 Plg + 1] == TIi]
(if) P[1] ==T[4]. Mismatch.
bla|c|b|a|b]a alb|la|c]|a

X

d




_ ] 2 4

Contd... 4 __15 Pli] |a|b|al|b
m=7/ :

x[i] 0|0 2

Step 5: 1=5,g=0 Plg + 1] == TIi]
(if) P[1] ==T[5]. Match. g++=1
bla|c|b|a|b]a alblalc|alal|b

alb|a al|lc|a




— i |1 (2|3 4
COntd... 4 __15 P[f] alblalb
m=7/ :
xli] 10|10 (1|2
Step 6: 1=6,9=1 Plg + 1] == TIi]

(if) P[2] ==T[6]. Match. q++ = 2

bacb:_:\bababacaab

alblal|bl|lalc]|a




o | b
|
o |+

n=15 Ik
Contd... ) il Ta

[

xfi] [0]0]1

Step 7: 1=7,q=2 Plg + 1] == TIi]
(if) P[3]==T[7]. Match. q++ =3

albla|blalclala]lb

bacb:_:\

o {---1 O

d




_ E | 2| B &
Contd... 21_:75 Pli] |a|b|a|b
7[i] [0]0|1]2
Step 8: i=8,q=3 Plg + 1] ==T]i]
(if) P[4] ==T[8]. Match. qg++=4
bla|c|b a b a bla|b|lalc|al|la]l|b
é b é bla|c]|a




_ E | 2| B &
Contd... 21_=175 Pli] |a|b|a|b
7[i] [0]0|1]2
Step 9: i=9,q=4 Plg + 1] ==T[i]
(if) P[5] ==T[9]. Match. q++ =5
bla|c|b a b a b alblalc|alal|b
albla|bla|c]|a




_ [ 2 415 |6
Contd... n=1> i s alsTale s
m="7/ _
7 |i] 0|1|2(3|0]1
Step10: i=10,9q=5 Plg + 1] == TIi]

(while) P[6] ==T[10]. Mismatch. qg="M[qg]=3
bla|c|b a b a b a b a alalb
albla|blalc]a
(if) P[4]==T[10]. Match. qg++=4

blalc|b|a]|b a b a alclala]lb
Shifts skipped = 1 and first three I i i i
characters are not compared. 3 b 3 3 C 3

Comparison starts from P[4].




o | b
|
o |+

Contd... n =15 -
) Pii] |a

[

xfi] [0]0]1

Step1l: i=11,9=4 Plg + 1] == T[i]
(if) P[5]==T[11]. Match. g++=5

o -1 O
@ |---4 o
o {---1 T




o | b
|
o |+

Contd... n =15 -
) Pii] |a

[

xfi] [0]0]1

Step12: i=12,9=5 Plg + 1] ==TIi]
(if) P[6]==T[12]. Match. q++=6

o -1 O
@ |---4 o
o {---1 O
Q {=--1Q




o | b
|
o |+

n=15 ALK
COntd... Pli] | a

[

m=7/ :
x[i] 10|01

Step13: i=13,q=6 Plg + 1] == TIi]
(if) P[7]==T[13]. Match. q++=7

alalb

bacbabg

b [ 2
o[ -

n N n

o {---1+ T

d
i
|
!
d

d

* g==m. Yes.

— Pattern occurs with shifti—m =13 -7 =6.

—q="M[q] =1.



n=15 MILAE
COntd... : Pli] | a

xfi] [0]0]1

o | b
fu
3% i I o il -
41
0
v

Step14: i=14,9=1 Plg + 1] == T[i]
(while) P[2] ==T[14]. Mismatch. qg="M[g]=0

alb

X

blalc|blal|blalblalb|alc

|

m o, m

Shifts skipped = 5 and first character is not

blal|blalc]|a

compared. Comparison starts from P[2].
(if) P[1]==T[14]. Match. g++=1
blalc|b|lalbja|bla|blalc|alalb




_ r' 2 4
Contd... n—_15 Pli] |a|bl|a|b
m=7/ _

xli] 10|10 (1|2

Step15: i=15,g=1 Plg + 1] == TI[i]
(if) P[2]==T[15]. Match. q++=2

bacbabababacae_lb

é blal|b|a

Step 16: 1=16
Loop terminates.




